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Abstract—
This paper treats the problem of optimal control of a distributed parameter system governed by parabolic equation with control
in the coefficents of the equation. The existence and uniqueness theorem for the solution of the considered problem is studied. The
sufficient differentiability conditions of the functional and its gradient formulae based on solving the adjoint system is investigated.
The outlined of the algorithm for solving the optimal control problem is given. Numerical results for constrained optimal control
parabolic problems are presented in figures.
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under the condition

I. I NTRODUCTION
Physical problems are often described by differential models
either linear or nonlinear. There is an abundance of transformations of various types that appear in the literature of
engineering, physics and mathematics are generaly aimed at
obtaining some sort of simplifiction of differential models
[1-2]. A wealth of literature exists on theoritical and computational aspects of control problems for partial differential
equations [3-7].
In this paper we treat the problem of optimal control of a
distributed parameter system governed by parabolic equation
with control in the coefficents of the equation. The existence
and uniqueness theorem for the solution of the considered
problem is studied. The sufficient differentiability conditions
of the functional and its gradient formulae based on solving
the adjoint system is investigated. The outline of the algorithm
for solving the optimal control problem is given. Numerical
results for constrained optimal control parabolic problems are
presented in figures.

II. S TATEMENT OF THE C ONTROL P ROBLEM
Let D is a bounded domain of the n-dimensional Euclidean
space En ; Γ be the boundary of D, assumed to be sufficiently
smooth; ν is the exterior unit normal of Γ; T > 0 is a given
number; x = (x1 , · · · , xn ) is an arbitrary point of D;Ω = D×
(0, T ] ; S = Γ×(0, T ]. The function spaces v21,0 (Ω), W21,0 (Ω)
and W21,1 (Ω) are described in [8].
Let’s a problem on minimization of the functional
Jα (v) = ku − f0 k2L2 (S) + αkv − ωk2Lm
2 (Ω)

n
n
X
X
∂u
∂
∂u
∂u
−
Bi (x, t, v1 )
[λij (x, t, v0 )
]+
=
∂t i,j=1 ∂xi
∂xj
∂xi
i=1

f (x, t, v2 ), (x, t) ∈ Ω, (2)
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(3)

∂u
cos(ν, xi )|S = g(ζ, t), (x, t) ∈ S (4)
∂xj

where α ≥ 0 is given,φ ∈ L2 (D), g(ζ, t) ∈ L2 (S),
ω
=
ω(x, t)
=
(ω0 (x, t), ω1 (x, t), ω2 (x, t)) and
2
ωi ∈ Lm
(Ω),
i
=
0,
1,
2
are
given functions.
2
Now,we give some assumptions as follows:
(m)
Assumption 1: Lp (Ω) is the space of m-dimentional
vector-valued functions v(x,P
t) = (v 1 (x, t), · · · , v m (x, t))
m
with the norm kvk2 (m)
= i=1 kv i k2 (m) , p ≥ 1.
Lp

(Ω)

Lp

(Ω)

Assumption 2: The functions Bi (x, t, v1 ), λij (x, t, v0 ), i =
1, n, f (x, t, v2 ) satisfy a Lipschitz condition for v0 , v1 , v2 .
Assumption 3: The first derivatives of the functions
Bi (x, t, v1 ) , λij (x, t, v0 ), i, j = 1, n and f (x, t, v2 ) with
respect to v satisfy the Carathedory conditions in their domain
of definition.
(x,t,v1 )
Assumption 4: The operators ∂Bi ∂v
,i
=
1
∂λij (x,t,v0 )
∂f (x,t,v2 )
, i, j = 1, n, ∂v2
are bounded on
1, n,
∂v0
(mk )
L∞ (Ω), k = 0, 1, 2.

(1)

on the set V = {v : v = (v0 (x, t), v1 (x, t), v2 (x, t)); vi ∈
2
L∞ (Ω), vi (x, t) ∈ Mi , i = 0, 1; v2 ∈ U2 ⊂ Lm
2 (Ω)} and Y =
(m0 )
(m1 )
(m2 )
L∞ (Ω) × L∞ (Ω) × L∞ (Ω) where M0 , M1 and U2 are
2
bounded closed sets of Em0 , Em1 and Lm
2 (Ω) respectively,
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Definition 0: The problem of finding the function u = u(x, t; v) ∈ V20,1 (Ω) from condition (2)-(4) at given v(x, t) ∈ V is
called the reduced problem.
Definition 1: A function u = u(x, t) ∈ V21,0 (Ω) is said to be a solution of the problem (2)-(4), if for all η = η(x, t) ∈
W21,1 (Ω) the equation
R
Pn
Pn
∂u
∂u ∂η
[−u ∂η
i=1 Bi (u, v1 )( ∂xi )η(x, t) − f (x, t, v2 )η(x, t)]dxdt
i,j=1 λij (x, t, v0 ) ∂xi ∂xi −
∂t +
Ω
=

R
D

φ(x)η(x, 0)dx +

R
S

g(ζ, t)η(ζ, t)dζdt,

(5)

is valid and η(x, T ) = 0.
It is proved in [8] that, under the foregoing assumptions, a reduced problem (2)-(4) has a unique solution and
kuk2V 1,0 (Ω) + kuk2L2 (S) ≤ C1 [kφk2L2 (D) + kgk2L2 (S) + kf k2L2 (Ω) ]
2

where C1 is a certain constant.
III. W ELL - POSEDNESS AND VARIATION OF THE FUNCTIONAL
Allowing for this remark the proof methods of the papers [9-11] we proved the following statement:
Theorem 1: Under the above assumptions for every solution of the reduced problem (2)-(4) the following estimate is valid:
v
uX
n
n
X
u n X
∂u 2
∂u
k∆ukV 1,0 (Ω) ≤ C2 [kt (
∆λij
) kL2 (Ω) + k∆f −
∆Bi
kL2 (Ω) ],
(6)
2
∂x
∂x
j
i
i=1 j=1
i=1
where ∆u(x, t) = u(x, t; v + δv) − u(x, t; v), δu(x, t) ∈ W21,1 (Ω), ∆λij = λij (x, t, v0 + δv0 ) − λij (x, t, v0 )
,∆Bi = Bi (x, t, v1 + δv1 ) − Bi (x, t, v1 ), i, j = 1, n,∆f = f (x, t, v2 + δv2 ) − f (x, t, v2 ) and C2 ≥ 0 is a constant.
Corollary 1: Under the above assumptions, the right part of estimate (6) converges to zero at k∆vkY → 0, therefore
k∆ukV 1,0 (Ω) → 0 when kδvkY → 0. Hence from the theorem on trace [12] we get k∆ukL2 (S) → 0 when kδvkY → 0.
2

Theorem 2: The functional J0 (v) =

R
S

[u(ζ, t) − f0 (ζ, t)]2 dζdt is continuous on V.

Theorem 3: For any α ≥ 0 the problem (2)-(4) has at least one solution.
Theorem 4: There exists a dense set K of Lm
2 (Ω) such that for any ω ∈ K the problem (1)-(4) for α > 0 has a unique
solution.
Let’s view the following adjoint problem an definition of function Θ = Θ(x, t) from the conditions
n
n
X
X
∂Θ
∂
∂Θ
∂Bi (x, t, v1 )
+
[λij (x, t, v0 )
]+
Θ(x, t) = 0, (x, t) ∈ Ω,
∂t
∂x
∂x
∂xi
j
i
i,j=1
i=1

Θ(x, T ) = 0,
Pn

i,j=1

x ∈ D,

(7)
(8)

∂Θ
cos(ν, xi )|S = −2[u(ζ, t) − f0 (ζ, t)], (ζ, t) ∈ S,
λij (x, t, v0 ) ∂x
i

(9)

where u = u(x, t) is the solution of reduced problem corresponding to v ∈ V .
On the basis of the above assumptions and the results [13] follows that for every v ∈ V the solution of problem (7)-(8) is
∂Θ
existed, unique and | ∂x
| ≤ C3 , i = 1, n almost at all (x, t) ∈ Ω, ∀v ∈ V , where C3 is a certain constant.
i
Definition 2: For each v ∈ V , a function Θ(x, t; v) is a solution of the adjoint problem (7)-(9) belonging to the control v
iff
(i) Θ(x, t; v) ∈ V21,0 (Ω),
(ii) The integral identity
R
R
Θ(x, t) ∂γ(x,t)
∂t dxdt + 2 S [u(ζ, t) − f0 (ζ, t)]γ(x, t)dζdt
Ω
=−

R Pn
Ω

i,j=1

∂Θ ∂γ(x,t)
λij (x, t, v0 ) ∂x
∂xj dxdt −
i

R Pn
Ω

i=1

∂Bi (x,t,v1 )
Θ(x, t)γ(x, t)dxdt,
∂xi

(10)
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is valid for all γ1 ∈ W21,1 (Ω) with γ(x, 0) = 0.
For every v ∈ V, define H(u, Θ, v) as follows:
Pn
∂u
H(u, Θ, v) ≡ −[ i,j=1 λij (x, t, v0 ) ∂x
j
−f (x, t, v2 )Θ(x, t) + α

∂Θ
∂xi

P2

k=0

+

Pn

i=1

Pmk

∂u
Bi (x, t, v1 ) ∂x
Θ(x, t)
i

i
i=1 (vk

− ωki )2 ]

(11)

where H(u, Θ, v) is called the Hamilton function of the optimal control problem (1)-(6).
Theorem 5: Let the above assumptions be satisfied. Then for any function v = (v0 , v1 , v2 ) ∈ V it is valid the following
expression the first variation of the functional Jα (v):
R Pn
Pn ∂Bi (x,t,v1 (x,t)) ∂u
∂λ (x,t,v (x,t)) ∂u ∂Θ
∆Jα (v) = Ω h i,j=1 ij ∂v00
i=1
∂xj ∂xi +
∂v1
∂xi Θ(x, t)
2 (x,t))
+ ∂f (x,t,v
Θ(x, t) + 2α[v(x, t) − ω(x, t)], δviEm dxdt.
∂v

(12)

IV. S PECIAL C ASE AND T HE N UMERICAL R ESULTS
A. Constrained Control Problem and Modified functional
We applied the theoritical results in the above sections on a constrained parabolic optimal control problem described by
distributed parameter systems and the control v is a variable on t only.
Let us consider the following parabolic distributed parameter system as follows:
∂
∂y
∂y
=
(λ(x) ) + F (x, t, v(t)), (x, t) ∈ Ω,
∂t
∂x
∂x
y(x, 0) = φ(x),
0≤x≤l
∂y
|x=0 = 0,
∂x

0 < t ≤ T,

∂y
|x=l = η[G(y(1, t)) − v(t)],
0 < t ≤ T,
∂x
β0 ≤ y(x, t) ≤ β1 ,
Z l
Z T
2
Jα (v) =
[y(x, T ; v) − f0 (x)] dx + α
[v(t) − ω(t)]2 dt → min
− λ(x)

0

(13)
(14)
(15)
(16)
(17)
(18)

0

The constrained optimal control problem (13)-(18) is converted to an unconstrained control problem by adding a penalty
function [14] to the cost functional (18), yielding the modified functional Ψα,k (v, rk )
Ψα,k (v, rk ) ≡ Ψ(v) = Jα (v) + Pk (v),

(19)

where
Φ1 (u) = [max{β1 − u(x, t; v); 0}]2 , Φ2 (u) = [max{u(x, t; v) − β2 ; 0}]2
Z lZ T
Pk (v) = rk
[Φ1 (u) + Φ2 (u)]dxdt
0

0

and rk > 0 , k=1,2,... are positive numbers, limk→∞ rk = +∞.

B. Numerical Algorithm
The outlined of the algorithm for solving the unconstrained optimal control problem problem are as follows:
1- Given It = 0, 0 > 0, rIt > 0,  > 0 and v (It) ∈ V.
2- At each iteration It, do
Solve state system (13)-(16), then find u(., v (It) ).
(It+1)
Minimze Ψ(v It ) to find optimal control v∗
using PMPQI technique [15].
End do.
3- If kΨ(v It+1 ) − Ψ(v It )k < , then Stop, else, go to Step 4.
4- Set v (It+1) = v (It) , rIt+1 = 0 rIt , It = It + 1 and go to Step 2.
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C. Numerical Example
We consider the case of a linear profile, that is f0 (x) =
1 − x. The graphs of exact and approximate optimal control at
the third and ninth (It=3,It=9) steps of iterations are plotted in
Figs. 1 and 2. One can see from Fig. 2 that at the ninth iteration step the approximate optimal control actually coincidcs
with the exact control, which illustratcs the efficiency of the
computation algorithm on the whole.
In figure 3,the variation of the temperature profiles in the
minimization process is illustrated. The values of the approxα (v)
α (v)
by the formula ∂Ψ∂v
=
imate gradient function ∂Ψ∂v
Ψα (v+h)−Ψα (v−h)
2
+
O(h
)
various
number
of
iterations
(It)
2h
are shown in Figure 4.

Fig. 4.

Approximate gradient values various iterations
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